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diameter; carbon dioxide is the only exception. Finally, 
the dual-mode sorption parameters, k ,  and b, of all six 
gases in PPha-tere show a strong dependence on the con- 
densability of the gas, similar to most other systems 
reported in the literature. 
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ABSTRACT: With the aim of implementing crystal structure refinement programs applicable to fibrous 
materials and on the basis of the whole-pattern approach, theoretical functions have been developed express- 
ing the continuous diffraction intensity versus crystal size and misalignment parameters. Applications of 
this function to two synthetic polymers, polyisobutylene and isotactic polypropylene, has afforded an excel- 
lent agreement between observed and calculated intensity. 

Introduction 

In recent papers”’ we have proposed a whole-pattern 
approach in structure refinement of crystalline fibrous 
materials, viz., a least-squares procedure using, as obser- 
vations, the continuous diffracted intensities instead of 
the traditional integrated ones. To this end, we have 
studied bidimensional profile functions appropriate for 
describing the X-ray diffracted intensity recorded on pho- 
tographic films, considering either cylindrical or flat- 
camera geometry. Starting from a modified Pearson- 
VI1 function, we have found, on empirical grounds, that 
the product of two Gauss functions is adequate to fit sin- 
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gle reflections if a system of curvilinear film coordinates 
7 and p is chosen, which makes the shape of the recorded 
spots rectangular 

7i and pi being the curvilinear coordinates of any point 
of the film and Tk and pk those of the center of the kth 
reflection. 

In this paper a more exact approach is reported based 
on theoretical functions instead of empirical ones, also 
with the aim of obtaining, besides structural parameters 
refined, morphological parameters such as crystal sizes 
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and average angle of misalignment of oriented crystal- 
lites. 

In the preceding papers we have considered the inten- 
sity distribution on the film (two dimensions). In the 
present case we shall consider the reciprocal space (three 
dimensions), both to render the fit independent of the 
diffraction geometry and to account for possible dimen- 
sional asymmetry of crystallites. Although several the- 
oretical expressions, either applicable in film space or in 
the reciprocal space, have been already p u b l i ~ h e d , ~ - ~  we 
have opted for profile functions of more practical use and 
as simple as possible in view of using them in structure- 
refinement least-squares fitting programs with nonpro- 
hibitive computer time consumption. 

Crystalline fibers of polyisobutylene (PIB) and isotac- 
tic polypropylene (IPP) have been considered as testing 
materials for verifying the feasibility of the profile func- 
tions obtained. 

Experimental Section 
The PIB used in this paper was the high molecular weight 

commercia1 product by EGA-Chemie (catalog no. 18 149-8, MW 
-200000), the same as studied in refs 2 and 6. Crystalline 
and oriented samples were obtained by simple elastic stretch- 
ing of a piece of material. The IPP sample used in this paper, 
the same as studied in refs 1 and 7 ,  was obtained stretching at 
140 "C and annealing at 140 "C for 3 h. 

The X-ray fiber diffraction patterns (Ni-filtered Cu Ka radi- 
ation) were recorded by using a cylindrical camera operating 
under vacuum (nominal radius 57.30 mm) taking four distinct 
spectra with exposures in the ratios 1, 1.5, 9, and 12 for PIB 
sample and three in the ratios 1, 1.3, and 3.6 for IPP sample. 
Each film (Eastman Kodak DEF-5) was digitized by a photo- 
scan instrument (Optronics System P-1000, Model 30D) accord- 
ing to a 100 x 100 pm grid. The digitized pattern was centered 
to obtain the x and y axes exactly coincident with the meridi- 
onal and equatorial directions of the fibers. The preliminary 
data processing for obtaining diffraction intensity data from 
the optical density measurements followed the procedure out- 
lined in refs 1 and 2. Like in the preceding papers, the back- 
ground intensity due to incoherent scattering and to the amor- 
phous material was not subtracted ab initio and was consid- 
ered at the subsequent least-squares fitting stage. 

Intensity Function 
A crystal of infinite size diffracts only in discrete direc- 

tions, corresponding to discrete points in reciprocal space 
(Bragg points), with intensities proportional to Fk2, Fk 
being the structure factor for each reflection ( k  stands 
for the hkl Bragg indices). If the crystal is, instead, of 
finite size, diffraction takes place in extended regions sur- 
rounding the Bragg points. When the reciprocal space 
notation is introduced and fractional reciprocal coordi- 
nates 5 ,  q, and { ( t ,  q,  and {are zero on the Bragg points) 
are used, the diffracted intensity is proportional to the 
product Fk2 L([,q,{) ,  L(F,q,{) being the Laue function 

Ut,7,57 = U t )  u r d  U T )  
- sin' (rN,aa*() sin' (rNbbb*q) sin' (rNccc*{) - 

sin2 (aa*,$) sin2 (bb*q) sin' (cc*{) 
(2) 

where N,, N,, and N ,  are the number of unit cells along 
the directions of a, b, and c edges and a*, b*, and c* are 
the corresponding reciprocal lattice constants. The Laue 
function, which reduces to a &function when the crystal 
becomes infinite, is well approximated by the function 

L(,$,q,[) = N,' exp{-r[(N,aa*f)2 + (N,bb*q)' + 
( N ,  = N,NbNcls 

(N,CC*~-)~II (3) 

't, 

Figure 1. Polar coordinates in reciprocal space. 
As the Gaussian function exp(-x2) is fast decreasing, 

the diffracted intensity is practically significant only within 
a limited space surrounding the Bragg point whose bound- 
ary surface is a sphere in the orthorhombic cases with 
N ,  = N, = N ,  and an ellipsoid in other cases. In any 
case the size an the shape of the figures are indepen- 
dent on hkl indices. 

In the case of fibrous samples, containing particles cylin- 
drically distributed around the fiber axis and preferen- 
tially oriented parallel to it, the three-dimensional inten- 
sity function must  be averaged affording a two- 
dimensional intensity function, which can be conveniently 
referred to the variables p and u defined in Figure 1. In 
this case Holmes and Barrington Leighg obtained the fol- 
lowing expression for the intensity function, I ,  

9 

where index p stands for particle (not necessarily crys- 
tal) and s for sample; p is the reciprocal scattering vec- 
tor solid with the particle (p,) or the sample ( p s ) ;  u and 
us are the angles between pp and p, with the pregrred 
orientation (see Figure 1); io is the Bessel function of the 
second kind of order zero; I is proportional to the square 
of the scattering factor of t i e  single particle. The above 
relationship is valid under the hypothesis that the dis- 
tribution of the particles with respect to the preferred 
orientation is given by 

where a is the angle between the axis of a single particle 
and the preferred orientation axis and q, is a misalign- 
ment parameter. On this basis, Fraser et a1.l' obtained 
a complex expression for the intensity function in the 
case of a fibrous material made of crystalline particles 
having an orthorhombic unit cell. They replaced I ,  with 
the convolution about the fiber axis of the intensity func- 
tion of the single crystallite. 

To obtain expressions applicable to the triclinic case 
and to get expressions more handy for computation, we 
have preferred a different route expressing the intensity 
function as the convolution of the alignment distribu- 
tion function about the fiber axis with the convolute Laue 
function, Le., the cylindrically averaged Laue function, 
by rotation about the fiber axis. The former is repre- 
sentable in a simple way by the normalized Gaussian dis- 
tribution (crystallite distribution function, cdf) 
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where a. is the half-height peak width of the distribu- 
tion. The latter is given, for each hkl reflection (shortly 
k ) ,  by the integral 

which is taken along the whole circle of radius R (equa- 
torial component of the reciprocal scattering vector), in 
practice along a short arc where the Laue function is appre- 
ciably nonzero. is the difference between R and R ,  
( R  value a t  the Bragg point) and z is taken, as below, 
parallel to fiber axis. f i(Mk,Z) is a toroidal function 
whose shape depends not only on R but also on the k 
indices. Moreover, crystallographically symmetrical reflec- 
tions, such as hkl and khl in tetragonal cases, might have 
different f functions if N,, # N,. 

To evaluate the integral in eq 7 ,  it is practical to intro- 
duce (see Figure 2A) a Cartesian frame with the origin 
a t  the center of the hkl reflection, the x axis coincident 
with the Rk vector, and the z axis parallel to the fiber 
axis. If the Laue function is nonzero only in a small region, 
and excepting meridional reflections, the integral along 
the circular arc crossing the Bragg position reduces to a 
linear integral along y. Fractional reciprocal coordi- 
nates 5 ,  v ,  and { are related to x ,  y, and z (A-' units) 
through the matrix multiplication 

15,??,n = C.M.lx,y,zJ (8) 
where the 3 X 3 diagonal matrix C has the diagonal terms 
l /a*,  l/b*, and l/c*, M = (B X A)-', and A and B are, 
respectively (o is the angle between 5 and x axes; see 
Figure 2): 

) (9) 
(; $"" cos@* 

A = 0 s h y *  -cosa sin@* 
l/cc* 

(coso :nu ;) 
B = -sinto cos0  (10) 

0 1 

Introducing also the 3 X 3 diagonal matrix D whose diag- 
onal terms are a(Na/a*)2 = a(Au/aa*)', a(N,/b*)* = 
a(Ab/bb*)2, and a(NC/c*I2 = ~ ( A c / c c * ) ~ ,  with Aa, Ab, 
and Ac the crystallites dimensions in angstroms along a, 
b, and c edges, one obtains for eq 3 

L(x,Y,z) = N? exp[-(x,y,z).U.lx,y,z)l (11) 

u = M.D.M (12) 

where 

By means of eq 11 and recalling that 
gral in eq 7 becomes 

= x, the inte- 

Nt2 
f k ( a k , z )  = ~ ~ ~ e x p [ - ( ' k , y , z ) ' u ' ~ ~ k , y , t l l  dy (13) 

Using the known integral'' 

l e x p  -(ax2 + 2bx + c) dx = 

one obtains finally 
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A B 

I / / / 

C 0 
Figure 2. Representation of the Laue function on the a*b* 
plane and some of its convolutions with different hkl indices 
for a hypothetical triclinic cell with a = 10.0 A, b = 8.0 A, c = 
12.0 A, (Y = 1 0 2 O ,  0 = 1 1 4 O ,  and y = 1 0 7 O .  (A) The Cartesian 
frame x,y,z applicable to the (110) reflection is also shown ( z  is 
perpendicular to the plane). (B) To, T300, Taz0, (C) Tolo, and 
(D) T,, torus projections on the a*r* plane for the same cell 
arameters of Figure 2A and with crystal dimensions Pa = 50 1, Ab = 150 A, Ac = 50 A, and a. = 0'. 

where L is the 2 X 2 matrix 

and U is the determinant of the U matrix. 
As discussed above, L k ( a k , z )  in eq 15, termed later 

the cylindrical crystallite profile function (ccpf), has cylin- 
drical symmetry in the reciprocal space and toroidal shape 
and depends on the hkl indices. 

A t  this point the intensity function Tk for the whole 
sample can be obtained as the convolution "(a) f k ( M k , Z )  
of the cdf and the ccpf. To evaluate the convolution, it 
is useful to introduce a new reference frame x'y'z' by rotat- 
ing xyz about y by the angle (a/2) - uk, so rendering x' 
coincident with p (Figure 3). Thus, the crystallite mis- 
alignment a occurs in the plane x'z' and, since a is small, 
the integration along the circular path p a  is equivalent 
to a linear integration along z'. As the vector ( A R , z )  is 

operation 
related to the (Apk,p(Y) vector ( A p k  = p - p k )  through the 

( a h & )  = s ' ~ A p k , p a ~  (17) 
with 

) s = (cos uk sin 'Tk 

sin -cos 

eq 15 becomes 
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where the integration interval can be choosen from --m 

to +m inasmuch N ( u )  is fast decreasing with lul. 
Using again eq 14, one obtains 

(21) 
where P = S-L-S and P is the determinant of P. 
Intensity Function and Diffraction Pattern 
Fitting 

Equation 21 allows calculating, for fibrous samples of 
polymeric crystalline materials, the continuous dif- 
fracted intensity for any reflection in the neighborhood 
of Bragg position: 

Ik(Pi,ai) = Fk2 Tk(pi-pk,ai-ak) (22) 
As several more or less overlapped reflections may con- 
tribute to a given point, the total diffracted intensity at  
point pi,oi is given by 

where the sum is extended over all reflections whose Bragg 
points pk,uk are close to the current p i p i  point. B(pi ,ai)  
is the diffused diffraction intensity due to amorphous 
material and air (see below). Note that eq 21 is indepen- 
dent of the type of camera used. In each case measure- 
ments made on a photographic film can always be referred 
to the appropriate pi,ui coordinates. 

The B(pi,ai) diffused intensity has been parametrized 
considering that, in the polymer case, there might be, in 
general, (i) an isotropic contribution of uncoherent scat- 
tering, decreasing with increasing pi and dependent on 
ai; (ii) a contribution of amorphous and unoriented mate- 
rial appearing on the spectrum as one or several haloes, 
which depend only on p i ;  (iii) a contribution of diffrac- 
tion of noncrystalline but oriented material appearing in 
the spectra as one or several streaks orthogonal to the 
fiber axis. Thus B(pi,ai) has been parametrized as the 
sum of three contributions in the following form: 

B(pi,ai) = B(')(p;) + B(i ) (p; )  + B(')(pi,ai) 

B y p i )  = €1 + t2pi + t3pi 2 

(24.1) 

(24.2) 

exp[ -( p i  ] (24.4) 
In the PIB case the fiber diffraction pattern displays 

only is tropic diffu ed intensity with a single halo, so 

3 + 3 parameters altogether. In the IPP case an equa- 
tori l diffused streak is present and so @ " ) ( p i )  and 
B,' a7 ( p i p i )  have been considered with 3 + 4 parameters 
altogether (f1(5) = 0). 

Having established theoretical relationships for calcu- 
lating the diffracted intensity as a function of structural 

only B' 3 ( p i )  and Ell(' E? ( p i )  terms have been considered with 

R 

Figure 3. Effect of the cdf on the broadening of a reciprocal 
space point. The Cartesian frame used to obtain eq 18 is also 
shown. 
parameters (affecting Fk)  and morphological parameters 
(affecting Tk), a fitting procedure can be implemented 
for adjusting both structural and morphological param- 
eters starting from coarse values. This may be done, for 
instance, by means of the least-squares method, minimiz- 
ing the quantity 

L 

where wi are the statistical weight of the observations 
Zobsd(pi,ui) and S is a scale factor. 

Our purpose is to carry out this fitting procedure in 
the cases of polyisobutylene (PIB) and isotactic polypro- 
pylene (IPP) and to compare the results with those 
obtained using empirical profile functions.'P2 Before under- 
taking a structural refinement process, however, we have 
carried out a fit adjusting only the morphological param- 
eters and the parameters controlling B(pi,ui) (see above), 
treating Fk' values as independently adjustable quanti- 
ties. The observational equation for this process, con- 
sidering that Iobsd values are measured on several films, 
is 

k 

where as many scale factors Si are considered as is the 
number of films measured. S, values are initially set to 
values proportional to the exposures and subsequently 
adjusted together with the other parameters. 

The preliminary fit, based on observational equations 
(eq 261, was performed by means of a least-squares pro- 
cedure, which utilizes the Gauss-Newton approach, i.e., 
the linearization of the observational equations and deter- 
mination of corrected values by an iterative process. The 
regression was done using the regions of the diffraction 
pattern shown in Figure 4 which are inclusive from the 
0th to the 5th layer (PIB) and from the 0th to the 2nd 
layer (IPP). The optimized quantities were (i) the crys- 
tallite dimensions Aa, Ab, and Ac, (ii) the misalignment 
parameter, cyo, (iii) the diffused diffraction parameters, 
the scale factors, and the camera radius, (iv) the squared 
structure factors Fk', and (v) the lattice constants (in IPP 
case only). When exact (or almost exact) overlap occurs 
among reflections, Fk2 have been adjusted by keeping their 
ratios constants (the ratios were set equal to the corre- 
sponding fcalcd' values obtained in previous analyses.'.' 

The optimization of the parameters above was per- 
formed by iterating the least-squares procedure until very 
low shift to standard error ratios were obtained. The 
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L.5 

-- 

a 

0 20 40 mm 

0 20 40 mm 

b 
Figure 4. Comparison between observed and calculated spec- 
tra for PIB (left) and IPP (right). In a the whole calculated 
(up) and observed (down) bidimensional spectra are repre- 
sented by level lines. In b the observed (thin line) and calcu- 
lated (thick line) spectra, practically coincident, are compared 
only along the layers line. The difference (continuous thick 
line) between observed and calculated intensities are also shown. 

weight factors, wi, have been assumed to be unitary. The 
agreement index, R = x&,sd - Icalcdl /&,sd,  has been 
evaluated cycle by cycle. The reflections included in the 
calculation are those contributing to the film regions con- 
sidered and having Fcalcd > 1.3 electrons/cell. They are 
96 in the PIB case and 19 in the IPP case. The final 
results, with the exceptions of the Fk2 values, are reported 
in Table I together with the standard errors. By means 
of the Aa, Ab, and Ac refined values in Table I, we have 
evaluated the crystallite size in the direction normal to 
the (110), (130), and (040) planes. The values obtained, 
respectively, 159, 121, and 115 A, are comparable with 
those found by Morosoff e t  a1.12 (157,120, and 134 A) in 
the case of IPP fiber annealed for 1000 min at  140 "C. 

Figure 4 shows the comparison between the observed 
and calculated spectra, either considering one-dimen- 
sional sections along the layer lines or considering the 
whole bidimensional spectrum represented by level lines. 
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Table I 
Structural and Nonstructural Parameters Resulting at the 

End of the Refinement Performed. 
PIB IPP 

Aa, 8, 127.3 (9) 121.2 (4) 
Ab, 8, 107.8 (8) 115.2 (3) 
Ac, 8, 73.2 (2) 80.3 (1) 
ao, deg 5.60 (1) 3.780 (6) 
a ,  A 6.88 6.66 (1) 

11.91 20.78 (1) 
18.60 6.50 (1) 

b,  A 
c ,  A 
cos iY 0.0 0.0 
cos p 0.0 -0.1479 (1) 
cos y 0.0 0.0 
Sl 0.0792 (3) 1.65 (1) 
s* 0.1265 (4) 2.10 (2) 
s3 0.632 (1) 6.04 (3) 
s4 0.913 (2) 
'1 -110.8 (9) 3.83 (7) 

€3 -1433 (6) 11.5 (9) 

g2 0.0842 (2) 
g3 0.1477 (3) 
fl 0.0056 (1) 
f 2  0.093 (1) 
f3 0.0136 (1) 
f4 0.206 (1) 

camera radius, mm 57.56 (1) 57.21 (2) 
no. of points 150000 105350 

'2 1112 ( 5 )  -11.9 (5) 

g1 19.0 (2) 

f s  0.0 

0.077 0.057 
0.088 0075 
0.037 0.063 
0.020 

' Aa, Ab, and Ac are the crystal sizes appearing in the matrix D 
(see eq 12 and preceding paragraph); CY, is the average angle of mis- 
alignment of oriented crystallites (see eq 6); a ,  b, c ,  a ,  8, and y are 
the lattice constants; Si values (see eq 26) are the scale factors con- 
verting absolute intensities (electrons/cell)2 into arbitrary units; ti, 
gi, and fi are the parameters expressing the diffused diffraction 
intensity of noncrystalline material (see eq 24.1-4); Rj  values are the 
R indices ~ l I o w ,  - Idd,l/~Zohd, evaluated for the four (PIB case) 
and three (IPP case) films separately. The standard errors in- 
dicated in parentheses are those resulting from the diagonal terms 
of the inverted normal matrix and are, possibly, underestimated. 

Conclusion 
The visual comparison between observed and calcu- 

lated fiber spectra and the low value of disagreement indi- 
ces obtained in the nonstructural full-pattern refine- 
ment indicate that the profile functions are adequate to 
analytically reproduce fiber spectra of polymers. It is 
particularly significant that only four morphological param- 
eters are sufficient to reproduce the peak widths, both 
along 26-constant and 26-variable directions, within the 
whole spectrum. 

Although the diffraction of the noncrystalline func- 
tion has been treated with rather arbitrary functional 
forms, the values of nonmorphological parameters obtained 
should be scarcely influenced by this arbitrariness because 
of the broadness of this contribution. 

An application of the full-pattern crystal structure refine- 
ment based on the profile functions discussed in this paper 
is now in progress. 
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ABSTRACT: The semicrystalline morphology of a 50/50 blend of high density polyethylene/low density 
polyethylene (HDPE/LDPE) was studied by time-resolved small-angle X-ray scattering (SAXS) using the 
State University of New York (SUNY) Beamline at the National Synchrotron Light Source (NSLS). The 
HDPE/LDPE blend, which was cooled slowly at a cooling rate of 0.3 'C/min, showed an interfibrillar scale 
separation within the spherulites that contained both the HDPE and the LDPE component. On the other 
hand, the same polymer blend, which was cooled rapidly at a cooling rate of 110 "C/min, appeared to show 
separation of HDPE and LDPE on an interlamellar scale. When the blend was quickly cooled to two suc- 
cessive temperatures, the scattering profiles were similar in nature to those obtained from the same sam- 
ple that was directly quenched. The two-step rapid cooling represented quenching (1) from -125 "C, 
which was above the HDPE crystallization temperature, to 110 "C, which was lower than the HDPE crys- 
tallization temperature but higher than the LDPE crystallization temperature, and (2) from 110 to 100 "C, 
which was below the LDPE crystallization temperature, while the direct rapid cooling was from 135 to 65 
" C .  

Introduction 

Fractionation is known to occur when a polydisperse 
polymer undergoes ~rystallization.'-~ Such a phenome- 
non is also seen in quasi-binary polymer Of par- 
ticular interest is the structural arrangement of the two 
components in a binary blend. Small-angle X-ray scat- 
tering (SAXS) can be used to measure the lamellar struc- 
ture in crystalline polymers. The advent of a higher inten- 
sity synchrotron X-ray sources-" has made the SAXS 
technique even more powerful since the crystallization 
behavior can be studied in the time-resolved mode. 

Shultz" studied the crystallization of linear polyeth- 
ylene (LPE) by SAXS. At low crystallization tempera- 
tures, the long periods formed by LPE were indepen- 
dent of time. A t  higher crystallization temperatures, the 
long periods decreased with time, indicating the forma- 
tion of new crystallites between the earlier formed lamel- 
lae. Rault13 et  al. studied a 50/50 blend of high density 
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polyethylene (HDPE) and low density polyethylene 
(LDPE) by static SAXS. They described the scattering 
in terms of a paracrystalline model having a bimodal dis- 
tribution of crystalline widths. 

In our previous studyg with synchrotron radiation, the 
lamellar structure of a 50/50 blend of HDPE and LDPE 
was observed during crystallization under fast cooling (110 
"C/min). The results showed that for all three samples 
(HDPE, LDPE, and 50/50 blend) the lamellar spacing 
decreased during crystallization and was accompanied by 
the appearance of a marked hump in the SAXS pat- 
terns. The results were interpreted in terms of the order- 
ing of the lamellar structure and the growth of new crys- 
tallites in the amorphous zones between the lamellae. In 
the 50/50 blend, the SAXS results suggested that HDPE 
and LDPE crystallized separately on an interlamellar scale. 
In this study we extend our previous SAXS work to two 
different crystallization conditions. In the first case, the 
blend was crystallized a t  a slow cooling rate (0.3 "C/ 
min). Under the second condition, the blend was iso- 
thermally crystallized a t  two different temperatures, TH 
and T, in succession (110 OC/min) where TH denotes a 
temperature lower than the crystallization temperature 
of HDPE but still high enough to keep LDPE in the melt 
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